Witt groups of algebraic integers  by Shastri, Parvati
JOURNAL OF NUMBER THEORY 30, 243-266 (1988) 
Witt Groups of Algebraic Integers 
PARVATI SHASTRI * 
School q/ Marhemarics. 
Tata fnstirure of Fundamenral Research. 
Bombay 400 00.5, India 
Communicated hy H. Zassenhaus 
Received December 31, 1986: revised December 1. 1987 
For any commutative ring R, let WR denote the Witt group of non- 
singular symmetric bilinear forms over R. If F is an algebraic number 
field and D its ring of integers, we have an exact sequence 
(cf. [S, 93-94, 3.3, 3.41) 
O-+WD+WF+ u WFP -+ H(F)/H(F)’ -+ 0, (A) 
OfP 
p E spec n 
where PP denotes the residue class field of the completion F, of F with 
respect to the valuation induced by the prime ideal p and H(F) denotes the 
ideal class group of F. J. Milnor in [S] shows that WD is a finitely 
generated abelian group of rank r, where r is the number of real com- 
pletions of F, and computes the order of the torsion subgroup of WD. In 
the special case F= CP, D = Z, he also shows that the sequence 
o-+ WY+ WQ+U W(Z/pZ)-rO, (B) 
is indeed split. It is natural to ask, in general, for the structure of WD in 
terms of the arithmetical invariants of F and to determine conditions under 
which the inclusion WD CG WF splits. This would give an explicit descrip- 
tion of WF, as against the description (A), which is only up to extensions. 
In this paper, we deal with the above two questions for any number field 
and give a complete solution for the case of quadratic fields. 
One may be led, in view of (B), to the naive belief that the sequence (A) 
is split for Euclidean number fields. However, in Section 4 we give some 
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examples of Euclidean quadratic fields for which the sequence (A) does not 
split. 
Here is a brief description of the contents of the paper: Section 1 con- 
tains a review of some basic results on quadratic forms over number fields, 
which we need in the later sections. In Sections 2 and 3 we compute the 
structure of WD and discuss conditions for the splitting of WDq WF, in 
terms of certain invariants related to the unit group, the ideal class group, 
and the number of archimedean and dyadic completions of F (cf. 3.1-3.7). 
In Section 4, we compute the structure of WD for quadratic fields F and 
give necessary and sufficient conditions for the splitting of WDq WF 
purely in terms of the discriminant. In fact, for imaginary quadratic fields, 
we show that WDq WF always splits. In the final section. we compute 
the Witt group WD for certain cubic fields. 
Notation. We fix the following notation for the rest of the paper. 
WR: the Witt ring of nonsingular symmetric bilinear forms over any 
commutative ring R. 
K’: the group of nonzero elements of any field K. 
For any algebraic number field F, we denote by 
D,: the ring of integers of F. 
F+: the group of totally positive elements of F. 
U,: the group of units of F. 
U,t: the group of totally positive units of F. 
F,.: the completion of F with respect to any valuation u of F. 
Fp: the completion of F with respect to the valuation u = 11, induced by 
the nonzero prime ideal p of F. 
r: the number of real completions of F. 
C: the number of pairs of complex completions of F. 
CII the number of dyadic completions of F. 
Let L be a field of characteristic f2. The notion of quadratic forms over 
L and symmetric bilinear forms over L coincide and by a form over L, we 
mean a quadratic form over L whose associated bilinear form is non- 
singular. To simplify notation, we shall denote by y the class in the Witt 
ring of the form q. For forms q, q’, we write q = q’ to mean that their 
classes in the Witt ring are the same, whereas q 3 q’ means that q and q’ 
are isometric. We denote by IL the fundamental ideal of WL consisting of 
even dimensional forms over L and by I”L the nth power of IL for n 2 2. 
For a form q over L we denote by b(q) the (signed) discriminant of q. 
We cite [ 111 as reference for all basic facts on quadratic forms and [lo] 
for classical results on quadratic forms over number fields. 
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1. SOME BASIC RESULTS ON QUADRATIC FORMS OVER NUMBER FIELDS 
We record in this section a few results on quadratic forms over number 
fields which will be used in the later sections. The proofs of these results 
can be found in [ll]. 
THEOREM 1.1. Let F he un ulgebraic number field. A quadratic form over 
F is determined (up to isometry) by its dimension, discriminant, Witt 
invariant, and signatures (cf [ 11, p. 224, 6.61). 
THEOREM 1.2 (Elman and Lam). Let K be any j?eld. Then the Vfollowing 
conditions are equivalent: 
(i) Quadratic forms over K are determined (up to isometry) by dimen- 
sion, discriminant, Witt inouriunt, und signatures. 
(ii) The ideal 13K qf WK is torsion ,free (cf [ 11, p. 91, 14.61). 
THEOREM 1.3 (Ptister’s Local-Global Principle). Let F be an algebraic 
number field ,zlith r real completions (r 3 0) and let IS: WF -+ u, WR be the 
signature homomorphism, i.e., the homomorphism induced bya the distinct real 
imbeddings or: F -+ R, 1 6 i < r. Then ker o is the torsion subgroup of WF 
(cJ [ 11, p. 56, 7.31). 
Let W,F denote the torsion subgroup of WF. Then by the above 
theorem W,F= ker CJ. Let n( WF) denote the nilradical of WF. Then in view 
of [S, pp. 68,69, 3.6, 3.81, we have n( WF) = W, F, if r 3 1, and n( WF) = IF, 
if r = 0. 
COROLLARY 1.4. Let F be an algebraic number field. Then 13F is torsion 
free and hence 13Fn n( WF) = (0). 
Proof Immediate from ( 1.1). ( 1.2), (1.3), and the remarks following 
(1.3). 
PROPOSITION 1.5. Let F be an algebraic number field. Then the exponent 
of n( WF) divides 4. 
Proof. For qEn(WF), 4q=(l, l)@(l, l)@q belongs to Z3F. Thus 
4q E Z’Fn n( WF) = (0) by (1.4). 
Let K be any field. For c(, /I E K’, we define the symbol S(ol, fl) by 
S(a, B)= 1 if ( 1, -r, -fi, crj?) splits 
=-1 if ( 1, -51, -fi, afl) does not split. 
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For an n-dimensional quadratic form (u, , . . . . a,, ) over K, we define 
S(u , , . . . . a,, > = n S(u,, a, 1. 
((1 
We sometimes write S, instead of S to stress the field in question. For a 
u-adic completion of a number field F, we shall abbreviate S,; = S, . 
THEOREM 1.6. (Hilhert Reciprocity>). Let F be un ulgebruic number 
field. For an?, valuation v oj‘ F let an n-dimensional form $,, over F,, he given. 
Then there esists a form I$ over F bc’ith 4,. 3 $V jtir all v, l’ und onl?> if‘ the 
,follokng conditions are satkfied: 
(i) There exists ?I E F’ trith disc $,. = class of b in F;,/F;,‘,for all v; 
(ii) the number oj‘ v jbr M>hich S,.( I,!I, ) = - 1 is finite und even, i.e., 
n, S,.($,)= 1 (<jY [ll, p. 225,6.10]). 
PROPOSITION 1.7. Let F be an algebraic number jield. Then any element 
of n( WF) is represented by a fornl of dimension 2 or 4. 
Proof If LI) is in n( WF), then Q is hyperbolic over all archimedean 
completions. If dim o > 4, then w is isotropic over all nonarchimedean 
completions, since every form of dimension 25 is isotropic over a p-adic 
field (cf. [ 11, p. 217, 4.21). Thus if tc) E n( WF) and dim w > 4. it is isotropic 
over F by the Hasse-Minkowski theorem. Hence w is represented by a 
form of dimension <4. Further, since n( WF) c IF, it follows that it is 
represented by a form of dimension 2 or 4. 
PROPOSITION 1.8. Let F be un ulgebruic number jield. Then ever?,forrn in 
n( WF) of dimension 4 is universal. 
Proof: Let j* E F’ and w E n( WF) be a form of dimension 4. Since 
n( WF) c ker C-J, o is hyperbolic over all archimedean completions of F. 
Since any form of dimension 25 is isotropic over all p-adic completions, 
wl( -j-) is isotropic over all completions of F. Hence by the 
Hasse-Minkowski theorem wl( --jb) is isotropic over F. This proves the 
proposition. 
PROPOSITION 1.9. Let K be any ji’eld and let i E K’. Suppose ( 1, a, b, ah) 
represents A. Then ( 1, a, b, ub ) z A( 1, a, 6, ah ). 
Proof See [ll p. 69, 10.1. 10.43. 
COROLLARY 1.10. Zf w=2(a, b) is in n( WF), then w=2( 1, ab). 
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Proof: We have, o = 2(a, b) = (a, b, a, b) = a(1, ah, 1, ah) = 
2( 1, ab) by (1.8) and (1.9). 
For any prime ideal p, let F, denote the residue class field at p of the 
number field F. We have an additive homomorphism ii,: WF+ WF, 
defined as follows: If 71, is a parameter at p, any form q over F can be writ- 
ten as (h, , . . . . b,) zP I (c,, . . . . ck) over F,, with b,, c, local units for p. We 
define d+,(q) = (6,, . . . . h,,), h, denoting the image of b, in F,. We denote by 
3 the additive homomorphism u,, Zc, : WF + u, WFP, induced by d, and 
we have an exact sequence (cf. [S, p. 93, 3.31) 
We shall identify WD with ker (7 through i. 
We denote n( WF) n WD by n( WD). Thus, if t-2 1, n( WD) = 
n( WF) n WD = W, F n WD. If r = 0, n( WD ) = n( WF) n WD c IF. 
Let H*(F) denote the ideal class group of F in the narrow’ sense, i.e., the 
quotient of the free abelian group of all fractional ideals of F modulo the 
subgroup of all principal ideals of F generated by totally positive elements 
of F. We note that if F is totally imaginary (i.e., r = 0) then the ideal class 
group in the narrow sense is the same as the usual class group. We denote 
the 2-torsion subgroup of H*(F) by ,H*(F) and its order by 2’. 
THEOREM 1.11. Let F be an algebraic nttmber field and let o be the total 
signature homomorphism WF + uI WR. Then, 
(a) a( WD ) is a j?ee abelian group of rank r. 
(b) n( WD) is a finite abelian group of order 2’+ltdm’ where c, dare 
as explained in the introduction and I is as defined above. 
(c) [f r>,l, WD%Z’@n(WD) and ifr=O, WD is a,finite abelian 
group oj’ order 2” +‘+ ‘. 
Proqf!f: See [8, pp. 95-99, 4.14.61. 
2. THE STRUCTURE OF THE GROUP n( WD) AS A SUBGROUP OF n( WF) 
The group structure of WD and the splitting property of WD CG WF are 
closely related to the structure of n( WD) and the splitting property of 
n( WD) 4 n( WF). The aim of this section is to study the group n( WD) 
and to give necessary and sufficient conditions for the splitting of 
n( WD) 4 n( WF). 
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THEOREM 2.1. Let F he an algebraic number field and let K = F(& 1). 
Let N: K’ + F’ denote the norm homomorphism. Let 2 be the subgroup of 
H*(F) generated by ideal classes ii with a2 = (N(p)) for some ALE K’ (,X is a 
subgroup of ,H*(F)). We then have 
where s, t, and u are determined b? 
2”= I U,?./(N(K)n U,‘)I, 
2’ = I zH*(F)/X I, 
2s+2t+u=c+l+d-l;c,d,IbeingasinSectionl. 
For the proof of the theorem we need some auxiliary results. 
LEMMA 2.2. Let G be a ,finite abelian group whose exponent divides 4. 
Then 1 G I and 12. G I determine the group G up to isomorphism. More 
precisely, [f‘ I 2 G I = 2”‘, then G 1 (L/4L )” @ (Z/22 )” with I G I = 2’” + “. 
Proof: Follows from the structure theorem for finite abelian groups. 
COROLLARY 2.3. n( WD) z (Z/4L)“’ 0 (Z/22)“, where 12. tt( WD)] = 2” 
and 2m+n=c+l+d- 1. 
Proof Follows from ( 1.11) and the above lemma. 
PROPOSITION 2.4. (i) Let q be an element of WD. Then, the ideal 
generated by b(q) is the square of some fractional ideal of F. 
(ii) For any iv E F’, (A ) is in WD if and only if (A) = a’ fbr some 
fractional ideal a 0.f F. 
(iii) For AEF’, (1, -n)en(WD) ifand only ifAeF+ and (A)=a’ 
for some fractional ideal a of F. 
Proof: (i) Since q E WD, we have, a,(q) =0 for all nonzero prime 
ideals p of D. If qz q, -L rcq2 over F, with ql, q2 unimodular, and 7c 
denoting a parameter at p, then ap(q) = q2 = 0 implies that the dimension 
of q2 is even; i.e., the ideal generated by b(q) is divisible by an even power 
of p for all nonzero prime ideals p of F. Hence the ideal generated by b(q) 
is the square of some ideal a of F. 
(ii) If (A) E WD, then (A) = a’ by (i). Conversely, if (A) = a2, then by 
the definition of 8, a,( (A)) = 0, for all p; i.e., a( (A)) = 0. This implies that 
(A)Eker(?= WD. 
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(iii) Let (1, - Iz ) E n( WD). Then, ( 1, - I ) is hyperbolic over all the 
real completions. Hence 1 E F+ and (A) = a’ by (i). Conversely, suppose 
J.EF+ and (A)=a*. Then, (1, -A)En(WF)n WD=n(WD). 
Let 9 denote the set of all 1 E F+ which occur as discriminants of forms 
belonging to WD. Clearly 9 = {AE F+/(A)= a2 for some ideal a of F) 
(cf. 2.4) and F” c 9. 
PROPOSITION 2.5. (a) The (signed) discriminant b induces an iso- 
morphism IFII’F +b F’lFV2 whose inverse f: F/F” -+ IFJ12F is given by 
f(A) = (I, -A). 
(b) The restriction of b induces isomorphisms 
(i) b: n( WF)/(n( WF) n Z2F)2i F+/F’2, 
(ii) b:n( WD)/(n( WD)nZ’F)%L3/F”, 
whose inverses are given by the restrictions of ,f to F+IF” and to a/F”, 
respectively. 
Proof (a) See [II, p. 82, 12.101. 
(b) q E n( WF) ( c ker a) 0 b(q) is total1.v positive. Hence the image of 
n( WF)/(n( WF) n 12F) under b is F’ IF’“. Since IF/12F% { ( 1, A) 13, E F’}, 
the image of n( WD)/(n( WD) n Z’F) under b is Q/F”, by (2.4)(iii). This 
proves (b). 
PROPOSITION 2.6. (a) The correspondence ;i + 2( 1, -A) defines a sur- 
jective homomorphism F+/F” -+” 2 . n( WF). 
(b) The restriction of the above homomorphism induces an 
isomorphism (which we denote by 0 itself), 6: 3/(N( K) n 53) + 2. n( WD), 
where K= F(n) and N: K’ -+ F’ is the norm homomorphism. 
Proof (a) We have a surjective homomorphism, n( WF) + 2. n( WF) 
given by q + 2. q. Since 2(n( WF) n Z2F) c n( WF) n 13F= (0) (cf. ( 1.4)) this 
induces a surjective homomorphism n( WF)/(n( WF) n I*F) -+ 2. n( WF). 
Composing this with the homomorphism f  : F+/F” -+ n( WF)/(n( WI;) n 
Z’F) of (2.5) we get a surjective homomorphism 6: F +/F” + 2. n( WF). 
Clearly H(A) = 2 -f(i) = 2( 1, -I.). This proves (a). 
(b) Since the image of g/F” under S is n( WD)/(n( WD) n12F) 
(cf. (2.5)), by restricting 0 we get a surjective homomorphism 
gl’lp --k” 2 n( WD). We claim that ker 8 = N(K) n g/F”. For, if A E 9, 
/3(X) = O-2( 1, -%) is hyperbolico (1, 1, -A) is isotropicoA is a sum 
of two squares in F o ;1 E N(K). This proves the claim and (b) follows. 
In the next proposition we determine the order of 9/N(K) n 2. 
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PROPOSITION 2.7. The order of’ the group Y/N(K) n k is equal to 2”’ ’ 
where 2” is the index of N(K) n UC in UC und 2’ is the index of .X in 
?H*(F), X being as in (2.1). 
Proof We define f’: 9 --f H*(F) by E, H 6, if ez = (A). Then f is a well- 
defined homomorphism of groups, whose image is precisely ,H*(F). This 
induces a surjective homomorphism, 
Let i denote the map U; -+ .S/N( K) n 9 induced by the inclusion r/c 4.9. 
Then we have a sequence 
1- U,‘/(N(K)n U;)-+g/N(K)n9Y ,H*(F)/Z - 1. (*) 
We claim this sequence is exact. In view of the above discussions, it is 
enough to prove ker .f’= i( lJ,t /N( K) n U,t ). Clearly i( U,+ /N(K) n U,+ ) c 
kerf: Let 1~ ker.f, with 3. E 6. Then (A) = (N(lc)) for some ,U E K, so that 
A = U. N(p) for some UE U,,. Since ;I and N(p) are totally positive, u is 
totally positive. Hence i = 1( in g/N(K) n 9 so that j. E i( U,t /N( K) n U,t ). 
Thus ker ,f= i( U,+ /N( K) n Uj! ). Hence (* ) is exact. Since all the groups in 
(*) are finite, of 2-torsion, we have / 9,lN( K) n D 1 = 1 U,t /N( K) n Ug 1. 
12H*(F)/X’j =2”+’ where / U:/N(K)n lJ: / =2” and lzH*(F)/XI =2’. 
COROLLARY 2.8. j 2. n( WD)I = 2” + ‘. 
Proof. Immediate from (2.6) and (2.7). 
Proof of Theorem2.1. By (l.ll), In(IV’D)I=2’t’+d-1. By (2.8) 
[2,rt(WD)I =2”+‘. Hence by (2.3) it follows that n( IVD)7(2/42)“+‘@ 
(Z/2L)” where 2s + 2t + u = c + I + ri- 1. Hence the theorem follows. 
In the rest of this section we discuss the question of the splitting of 
n( WD) 4 n( WF). To begin with, we record the following fact from group 
theory, which will be needed for our discussions. We recall that a subgroup 
H of an abelian group G is called pure if h E H, h = ny, n an integer, ,V E G, 
imply h = nh, with h, E H. 
THEOREM 2.9 16, p. 18, Th. 71. Let G he an abeliun group (not 
necessarily finitely generated) and let H be u .subgroup of bounded exponent. 
Then H is a direct .summand of G lf and only if H is pure in G. 
THEOREM 2.10. The subgroup n( WD) is a direct summand of n( WF) if 
and only zf 12 . n( WD)I = 12 ’ n( WF) n n( WD)I (i.e., tfand only ifan element 
of n( WD) which is 2-divisible in n( WF) is 2-divisible in n( WD)). 
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Proof: By (1.5), the exponent of n( IV&‘) divides 4, so that n( WD) is a 
subgroup of bounded exponent. By (2.9), n( WD) is a direct summand of 
n( I#‘) if and only if n( WD) is a pure subgroup of n( WF). Since the 
exponent of n( WF) divides 4, n( WD) is a pure subgroup of n( U%) if and 
only if every element of n( WD) which is 2-divisible in n( WF) is 2-divisible 
in n( WD). Since n( WD) is a finite group, this is equivalent to the condition 
12. n( WD)I = 12 .n( WF) n n( WD)I Hence the theorem follows. 
In what follows, we determine the order of 2 n( WF) n n( WD) in terms 
of the dyadic primes and give an upper bound for the order of 2. n( WD). 
PROPOSITION 2.11. An element o E 12Fn n( WF) is 2-dioisihle in n( WF) 
if and onI?* if S,(w) = 1 ,for all p for which - 1 is a square in F, (\z,here S, 
denotes the local symbol defined in Section 1). 
Proof By (2.5)(b) 2.n( WF)= j2( 1, -A)/~.E F+/F”j,. Since 2( 1, -i”) 
is hyperbolic over F, for all p for which - 1 is a square in F,, S,(u) = 1 for 
all such p and for all w E 2. n( WF). Conversely suppose w E Z’Fn n( WF) 
and S,(U) = 1 for all p for which - 1 is a square in F,. Let w = 
(1, a, h, ah), a, hEF’ (cf. (1.8), (1.9)). Let p, ...pln be the primes such 
that S,,(w) = - 1, 1 < i<m. By hypothesis - 1 is not a square in F,<, 
i= 1 1 . . . . m, so that ( - 1, a, h, ah) has discriminant - 1 # 1 in F;,/Fz for 
all i= 1, . . . . m. Hence ( - 1, a, b, ah) is isotropic over F,, for i = 1. . . . . m. 
Therefore (a, 6, ah) represents 1 over F,, for i = 1, . . . . m. However, 
(1, a, b, ab) is hyperbolic over all other completions. This implies that 
(a, b, ah) represents 1 over all completions. Hence by the Hassee 
Minkowski theorem, (a, b, ab) represents 1 over F. Thus, o = 
(1, a, b, ah) 2t (1, 1, i, 1.) for some 3. EF’. The condition OE 12Fn n( WF) 
implies that 1, is totally negative so that ( 1, A) E n( WF) and (u = 2 ( 1, j”); 
i.e., Q is 2-divisible in n( WF). Hence the proposition follows. 
PROPOSITION 2.12. Let p,, . . . . p, (m 3 0) be any finite set of prime ideals 
(Z(0)) of F and let J= {oE12Fnn(WF)IS,(o)=l for all pfp,, 
1 <i<mj. Then IJI = 1 ifm=O and I JI =2’+’ ifma 1. 
Proqf: J is a subgroup of I’Fn n( WF) = I’Fn ker G. We have a 
homomorphism S:J+(Z/22)” given by S(W)=(S,~(W)),~,.,, OEJ. By 
the Hasse-Minkowski theorem S is injective. If m = 0, this implies that 
1 Jj = 1. Suppose nz> 1. By (1.6) for any element w of I’Fnn( WF), 
n S,(o) = 1 and conversely given local symbols (E,,) such that n E, = 1 
(where ~~ = + 1), there is an element o of Z’Fn n( WF) such that 
S,(w) = E, for all p. In other words S(J) is a subgroup of (Z/22)“’ which is 
isomorphic to (.Z/2Z)m ‘. Hence 1 JI = 2”’ ‘. 
For the next theorem we need, 
252 PARVATI SHASTRI 
Remark 2.13. (a) For all nonzero prime ideals p, the second residue 
homomorphism aP maps IzFP onto IF,,. 
(b) For all dyadic primes p, IF+,= (0) and hence 8, maps Z’F, 
onto (0). 
(c) For all odd primes p, IF, s Z/22 and the following statement 
holds: For w E Z’F,, S,(o) = 1 if and only if a,(w) = 0. 
THEOREM 2.14. Let 6 he the number of dyadic primes p, for which - 1 is 
not a square in F,, ( 1 < i < 6). Then, 
12.n(WF)nn(WD))= 
lf 6=0, 
, if 631. 
Proof Let J={~EZ*F~~(WF)I S,(w)=1 for all p#p,, 1 <i<6). 
We claim that J=2.n(WF)nn(WD). We have 2.n(WF)nn(WD)c 
2. n( WF) c I’Fn n( WF). Also o E I’Fn n( WF) = 12Fn ker rs o w E I*F 
and a(o) = 0. Therefore o E 2 . n( WF) o o E Z’F, ~$0) = 0, and S,(w) = 1 
for all p for which - 1 is a square in F, (cf. (2.11)). Also 
o E I’Fn WD o o E 12F and o E ker aP for all odd p, (in view of 
(2.13)(b))owE12F and S,(w)= 1 for all odd p (cf. (2.13)(c)). Therefore 
oE2.n(WF)nn(WD)=2.n(WF)n WD~~EI*F, r~(w)=O, S,(w)=1 
for all odd p or p for which - 1 is a square in F, o o E Z’F n n( WF), and 
S,(o) = 1 for all p #pi, 1 d id 6 OCIJ E J. This proves our claim, and by 
(2.12), the theorem follows. 
COROLLARY 2.15. The subgroup n( WD) is a direct summand of n( WF) if 
and only if s + t = 6 - 1 where s, t are as in (2.1) and 6 is the number of 
dyadic primes p for which - 1 is not square in F,. 
Proof Follows from (2.8), (2.10), and (2.14). 
In what follows we shall find an upper bound for the order of the group 
2. n( WD) in terms of the dyadic primes which ramify in K = F(n). 
LEMMA 2.16. Let L be a local field of characteristic # 2 and let 
M=L(fi) be unramified over L. rf‘ N: M’ + L’ is the norm 
homomorphism, then N( U,) = U,,. 
Proof See [2. p. 291. 
THEOREM 2.17. Let F be a number ,field and let K = F(& 1 ). Let g be 
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the number of dyadic primes which are unramified and nonsplit in K (so that 
g 6 6, 6 as in (2.14)). Then, 
12.n(WD)I = 1 lf g=6, 
<2” -Y-l \ if &gal. 
Proof: If 6 = 0, 2 . n( WD) is trivial since 2. n( BP’) n WD is trivial by 
(2.14). So let 6 3 1. Consider the image of 2. n( WD) under the 
homomorphism S: 2. n( WF) A n( WD) -+ (Z/22)” described in (2.12) 
(2.14). If w=2(1, -I.), with (1, -i)~n(wD), then (A)=a’ for some 
fractional ideal a of F so that A = uPrrF in F, for all nonarchimedean 
primes p, where 7cP denotes a parameter in F,. By (2.16) up is a norm from 
FP(fl) for all dyadic primes p for which F,(n) is unramihed over 
F, and hence j” E Fp is a norm from F,(n) for all such p. This implies 
( 1. -A, 1, -A) is hyperbolic over F, for all p for which F,(fi)/Fp is 
unramilied. That is, S,,(w) = 1 for i= 1, . . . . g (where F,,(,/-I)/F,, is 
unramified). Hence S(2. n( WD)) c (Z/2Z)“PR. By Hilbert’s reciprocity law, 
S(2. n( WD)) is a subgroup of (Z/22)” y, of order ~6 -g - 1; i.e., 
12.m WD)I <2”-” ‘. 
COROLLARY 2.18. (a) Zf 6 = 0 or 1, n( WD) G n( WF) splits. 
(b) [f 6 3 2 and g B 1, n( WD) 4 n( WF) does not split. 
Proof By (2.10) n( WD) 4 n( WF) splits if and only if 12. n( WD)/ = 
12.n( WF)nn(WD)I. By (2.14) 12.n(WF)nn(WD)I = 1 if 6=0 and 
/2.n(WF)nn(WD)I=2”-’ if 631, which shows that 12.n(WD)l= 
12.n(WF)nn(WD)I if 6=0 or 1 and that 12.n(WD)I<l2.n(WF)n 
n( WD)I if 632 and g3 1, by (2.17). This proves (a) and (b). 
Remark 2.19. In Section 5, we shall consider some examples of cubic 
fields and compute the integers s and t. However, we note here the 
following example of a cubic field which illustrates the utility of the above 
corollary. 
EXAMPLE. Let f’(X) = X’ - 9X’ - 3X + 3. This polynomial is irreducible 
over Q (Eisenstein!). Let H be a root of ,f (A’) and let F= Q(O). The 
polynomial f(X) splits into two irreducible factors over Qz (in view of 
Hensel’s lemma; cf. [4, p. 67, 5.231). Moreover it can be easily seen that 
F,2iQ2 and FzrQ2(~) h w ere F, (i = 1, 2) denote the dyadic com- 
pletions. Both the extensions F,(fi)/F and F,(fi)/F are proper and 
the latter is unramified. Thus we have 6 = 2 and g = 1. Hence by (2.18) 
n( WD) 4 n( WF) does not split. In fact in the next section (cf. (3.3)) we 
shall show that this implies that WD 4 WF does not split. 
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3. THE STRUCTUREOF THE GROUP WDC WF 
In this section we give the structure of WD as well as some necessary and 
sufficient conditions for the splitting of WD 4 ,WF. 
We first consider the case when F has at least one real completion, i.e., 
r 3 1. In this case the kernel of the signature homomorphism 
0: WF + ur l#‘EX is the nilradical of WF. Hence n( WD) = n( WF) n WD = 
W, F n WD is the torsion subgroup of WD, which we denote by W, D. Also 
c( WD) is a free abelian group of rank r (cf. (1.11)). We thus have, 
THEOREM 3.1. [f F has at least one wal completion, then WD is a direct 
sum of a free abelian group qf rank r and a finite abelian group which is 
isomorphic to (Z/42)‘+ ’ @ (Z/22 )” with 2s + 2t + u = c + I+ d- 1; c, 1, d 
being as in Section 1 and s, t, and u as in Section 2. 
Proof By the above discussions it is clear that WD 2 a( WD) @ W, D 2 
Z’@ W,D. By (2.1), W,D7(~/4L)‘+‘0(2/22)“. Hence WDrZr@ 
(L/4Z)” + f @ (Z/22)“. 
We continue to assume r 2 1 and go on to the question of the splitting of 
WDci WF. We begin with the following lemma. 
LEMMA 3.2. Let G’ be an abelian group of rank n and let G be a,finitell 
generated subgroup of G’, having the same rank. Let Gi, G, denote their 
respective torsion subgroups. Then G is a direct summand of G’ if and only if 
the following two conditions are satisfied: (i) G, is a direct summand qf’ G;, 
(ii) the induced map G/G, -+ G’jGi is surjective. 
Proc?f: Let (i) and (ii) hold. Since G,= Gn G;, the natural map 
G/G, -+ G’/G; is injective. Thus (ii) implies that this is in fact an 
isomorphism. Let e,, . . . . e,, be a Z-basis of G/G, 3 Cl/G: with e,, . . . . P,, in G. 
Then, G=G,@Ze,@~..OZe,, and G’=G:@Ze,@...@Ze,,. Let 
e: G; -+ G, be a section to G, 4 G:. Then the map q: G’ + G given by 
rl(x, ale,, . . . . a,,e,,)=(4-x), ale,, . . . . a,,e,,) gives a section to G 4 G’. Hence G 
is a direct summand of G’. 
Conversely suppose G is a direct summand of G’. Let q: G’ --f G be a 
section to G 4 G’. Restricting q to G; we get a section q/G;: G: -+ G,, to 
G, 4 G:; i.e., G, is a direct summand of Gi. This implies (i). Also, rl induces 
a homomorphism Fj: Cl/G: + G/G,. Clearly the composition G/G, --f 
Cl/G; -+fi G/G, is identity on G/G,. Since both G/G, and Cl/G; are free of the 
same rank, it follows that G/G, -+ G’/G; is an isomorphism. This implies 
(ii), and proves the converse. 
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COROLLARY 3.3. If F is a number field with at least one real completion, 
then WD 4 WF splits if and only if the following two conditions are satisfied: 
(i ) W, D 4 W, F splits, 
(ii) a( WD) = o( WF), x,here 0: WF+ u, WR is the total signature 
homomorphism. 
ProoJ We recall that W,F= ker (T, W,D = ker 0 n WD, and that WD is 
a finitely generated subgroup of WF having the same rank as WF 
(cf. (3.1)). Hence we have a commutative diagram, 
WD/W,D- WF/ W, F 
I I CT 
I I 
D 
4 WD) - a( WF) 
Thus condition (ii) of (3.2) is equivalent to the condition G( WD) = o( WF). 
Hence the corollary follows. 
For later use we discuss here a necessary and sufficient condition for the 
equality a( WD) = a( WF). 
PROPOSITION 3.4. Let r 3 1 and let F,, . . . . Fr denote the real completions 
of F. Then C$ WD) = a( WF) $and only if there e.uist Al, . . . . A, in F such that 
.for all i, A, is negative in F, and positive in F, for all j # i, and such that 
(i*,) = a: for some fractional ideal ai of F (2 < i 6 r, 1 <j< r). 
Proof: By the approximation theorem on absolute values, there exist 
3 “?, . . . . A, in F such that 2 < i < r, ii is negative in Fj and positive in F, for all 
j# i, 1 <.j< r. From this it follows (cf. [7, p. 172, 3.91) that a( WF) is 
generated freely by { (a( 1 )), ( o(ELz)), . . . . (a(]>,)) 1. If li can further be 
chosen so that (Ai) = af for some ideal a, of F (2 < id r), clearly a( WD) = 
a( WF). Conversely suppose a( WD) = a( WF). Then there exists q, E WD 
such that a(q,) = a( (A,)), 2 < i < r. The claim that Ai can further be chosen 
so that (Ai) = af (2 6 i< r) follows from the following fact: If t: F-+ [w is 
any real imbedding and for qE WF, z(q)= (k 1) then ~((b(q)))=t(q), 
where b denotes the (signed) discriminant of q. 
We now consider the case when F is totally imaginary, i.e., r = 0. In this 
case n( WD) = IFn WD and we denote it by ID. We have an exact 
sequence 
O---, IF--, WFA Z/22-+ 0, 
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where e is the dimension index function (cf. [S, p. 66, 3.31). By restricting e 
to WD, we get an exact sequence 
O- ID- WD- Z/2i2- 0. (**I 
We note that in this case W, F = WF, since F has no real completions and 
in contrast to the earlier case, WF may have elements of order 8. 
(However, 8 . WFc Z’F= (0)). The sequence (**) describes WD as an 
extension of Z/22 by ID, whose structure is already determined in (2.1). 
The following theorem gives a more precise description of WD. 
The next results need the notion of level of fields. For the definition 
cf. [ 11, p. 71, 10.61. We remark that the level S(F) of a totally imaginary 
number field F is ?.‘I, with II d 2. 
THEOREM 3.5. Let F be a totally imaginary number,field. Let S(F) denote 
the level qf F. Then we haue, 
(i) WD2;z/8~o(i2/412)‘+‘~‘O(L/2L)“, ij’S(F)=4. 
(ii) WD2;(L/4Z)“+“‘0(~/2;2)U ‘, $‘S(F)=2. 
(iii) WD z (L/2i?) ‘+‘+d$.?(F)=l wheres,t,u,c,l,anddareasin 
(2.1 ). 
Proof: (i) Let S(F) = 4. Then - 1 is not a sum of two squares in F, 
and hence ( 1, 1, 1, 1 ) is anisotropic over F. Therefore ( 1 ) is an element of 
order 8 in WD (since S.WDcS.WF=(O)). Hence WDz((l))@ 
WD/( ( 1)) where ( ( 1)) denotes the cyclic subgroup of WD generated by 
(1 ), which is of order 8. Now, the natural map ID + WD/( (1 )) has 
kernel ZDn((l))=((l, 1)) so that ZD/((l, 1))~ WD/((l)). A com- 
parison of the orders of these groups shows that this is in fact an 
isomorphism. Thus WD/( (1)) 2i ZD/( (1, 1)). Since 4 .ZD c (4 .ZFc Z’F) 
=(0),and(l,l)isanelementoforder4inID,wehaveZD~((1,l))O 
ID/( ( 1, 1)). Also ID 7 (Z/42),“‘@ (Z/22)” by (2.1). This shows that 
ZD/( ( 1, 1)) 7 (2/42)“+‘~ ’ @ (ZjZZ)‘. Hence WD 5 Z/S;Z 0 (2/42)“+’ ’ 
c&j (Z/22 )“. 
(ii) Let ?(F) = 2. In this case 4. WD = (0) and ( 1) is an element of 
order 4 in WD. Hence WDr((l))@ WD/((l)) (where ((1)) is the 
cyclic subgroup of WD generated by ( 1)). As in case (i), we have 
ID/( ( 1, 1) ) Y WD/( ( 1) ). However, in this case we claim that ID/( ( 1. 1) ) 
% (Z/42)“+‘@ (Z/2L)“+ ‘. For, to find the number of L/4Z components of 
ZD/( ( 1, 1) ), it is enough to find the order of 2. (ID/( ( 1, 1 ))), by (2.2). 
Consider the natural map 2. ID -+ 2. (ZD/(( 1, 1 ))) which is defined by 
(I, 1, I, EL) + (ma> (cf. (1.10)). This is clearly a surjective 
homomorphism. We claim that it is injective. For (I,) =0 implies 
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that (l,II,,l,~)~((l,l))(whichisagroupoforder2).Since -1isnota 
square in F, (l,jb, l,~~)#(l,l) so that (1,1, l,i.)=O. Thus we have 
12.(zD/((l,l)))I=(2.ID/=2”+‘, so that ZD/((l, l))r(Z/42)“+‘@ 
(Z/22)“--’ and WD3(~/42)“+‘+‘0(2/22)“~ I. 
(iii) Since S(F) = 1, - 1 is a square in F and hence WD is 2-torsion 
and WD %(2/2Z ) ‘+‘+“, in view of (1.11). 
We finally take up the question of the splitting of WD 4 WF, in the case 
Y = 0. We have, 
THEOREM 3.6. Let F be a totally imaginary number field. Then the 
follo)Ving statements are equivalent: 
(i ) WD 4 WF splits. 
( ii ) ID 4 IF splits. 
(iii) Every element of WD which is 2-divisible in WF, is 2-divisible in 
WD. 
Proof (Recall: (i) is equivalent to WD being a pure subgroup of WF 
(cf. (2.9))). We prove (i) o (iii) o (ii). (iii) 3 (i). We have three cases to 
consider: (a) S(F) = 1. In this case 2 . WF= 0 and the claim is obvious. 
(b) S(F) = 2. In this case 4 . WF= (0) and (iii) implies that WD is a pure 
subgroup of WF, so that (i) follows from (2.9). (c) S(F) =4. In this case 
8 . WF= (0). Hence to prove purity of WD in WF it is enough to prove 
that every element of WD which is 4-divisible in WF is 4-divisible in WD. 
So, let o=4(a ,,..., a,), aiEF’. Since 4(ai)2;4(1) (cf. (1.8), (1.9)), 
o = 4( 1, . . . . 1) which shows that o is 4-divisible in WD. Thus (iii) * (i). 
(i) * (iii) is trivial. 
(ii) => (iii). Let w  E WD and let cu = 2 . q, q E WF. If dim q is even, 
(ii) implies that o = 2 q’, q’ E ID c WD. Suppose dim q is odd. Then 
toI (1, 1)=2(qI (1)) where ql (1)~1F and by (ii) (01 (l,l)= 
2.q’,q’EID.Hencew=w12(1, -1)=2(q’I (-1))whereq’I (-1) 
E WD. This implies (iii). 
(iii) 5 (ii). Let w  E ID and let o = 2. q, q E IF. Then (iii) implies that 
o = 2 . q’, q’ E WD. Hence b(o) = ( - 1 )dimy’. Also o E 2 . IF c 12F implies 
that b(w) = 1. Hence if S(F) # 1, dim q’ is even, so that o E 2. ID, and (ii) 
follows. (Note that 4 IF= (0).) If s”(F) = 1, the assertion is obvious. 
COROLLARY 3.7. Let F be totally imaginary. Then WD CG WF splits if 
and only if s + t = 6 - 1, where s, t, and 6 are as in Section 2. 
Proqf: Follows from (2.15) and (3.6). 
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4. QUADRATIC FIELDS 
Let F= Q(fi) and let A be the discriminant of F. In this section we 
determine the structure of WD and give a necessary and sufficient con- 
dition for the splitting of WDG WF in terms of the prime divisors of the 
discriminant, in the case when F is real. When F is imaginary, we show that 
WD 4 WF always splits. 
We note that A =nz or 4m according to whether m is congruent to 1 
mod 4 or nz is congruent to 2 or 3 mod 4. We also recall the following 
elementary results from algebraic number theory. The proofs of these 
results can be found in [9] or [S]. 
LEMMA 4.1. Tlze prime ideal (2 ) splits Nz F if und only $ A is congruent 
to 1 mod 8. 
Proof See [9, p. 166, 4.133. 
LEMMA 4.2. Let v he the number of distinct prime divisors of A. Then 
1 ?H*(F)( = 2’ ‘, where H*(F) is the ideal class group in the narroti‘ sense. 
Prooj See [S. pp. 516, 5821. 
We first consider the case of a real quadratic field; i.e.? F= O(6), 
m>O. Let K=F(fi). 
PROPOSITION 4.3. Let F= O(&), m > 0, and let A he congruent to 1 
mod 8. If A has no prime divisor congruent to 3 mod 4, then we have (a) 
U,t c N(K) and (b) X = ,H*(F) (-X as depned in (2.1)). 
Proof: (a) By Dirichlet’s theorem on units, U/,- is the direct product of 
a free abelian group of rank 1 and the group [ 1, - 1 l, since F is real 
quadratic. Let u be a free generator of UP. If ~V,.~~(tc) = - 1, then every 
element of 17: is a square and hence belongs to N(K). Suppose N,,,(u) = 1. 
By replacing u by -u if necessary we may assume that UE V> . By Hilbert’s 
theorem 90, there exists q in F such that II = ?!(a(~)) ’ where CJ is the non- 
trivial automorphism of F/Q. In fact we choose q = &( 1 - u). Then u and 
N,,(q) are in the same class in F./F”. We have N(q) = A( 1 - z02/u > 0 and 
the ideal (q) is invariant under 0. Thus (q) = (n) p’;’ .. p> where the pi are 
ramified prime ideals of F/Q, ai = 0 or 1, and n E Q. Hence N(V) = 
n2 *p’;’ ...p: (since N(q) > 0) where ai = 0 or 1 and p,, . . . . pV are prime 
divisors of A. Since A has no prime divisor congruent to 3 mod 4, this 
shows that N,,,(q) is up to squares a product of primes of Q which are 
congruent to 1 mod 4 and hence a sum of two squares in ‘Q. This implies 
that u is a norm from K = F(fl)/F. Hence UT c N(K). (b) The group 
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,H*(F) is generated by the class of ~71 .--p:, where A =p, . ..pV, v/pi, and 
a,= 0 or 1 (1~ i6v) (cf. [9, p. 3921). Thus a E ,H*(F) implies that 
a2 = (A’p,, . . .pi,), n <v. Since any such element is up to squares an integer 
congruent to 1 mod 4, we have a2 = (N(p)) for some ,u E K*. Hence ii E .Y, 
which implies that ?H*(F) = Y. This proves (b). 
PROPOSITION 4.4. Let F= Q(h), m>O. Then 12. W,D\ =2 if and 
only ly the .follobving ~M’O conditions are satisfied: 
(i) A is congruent to 1 mod 8. 
(ii) A has a prime divisor p, which is congruent to 3 mod 4. 
Proof: Suppose (i) and (ii) hold. By (4.1), F has two dyadic primes. 
Since [F: Q] = 2, both the dyadic completions are isomorphic to Q,. Let p 
divide A and let p be congruent to 3 mod 4. Then (p) = p’ in F and hence 
( 1, -p) is in W, D by (2.4). Since p is congruent to 3 mod 4, p is not a 
sum of two squares in QD?. Hence (I, -p, 1, -p) is anisotropic over Q?, 
so that it is anisotropic over F. Thus (2,W,D132. By (2.18), 
12. W,D( 62 and hence (2. W,D( =2. 
Conversely, if A is not congruent to 1 mod 8, then there exists only one 
dyadic prime and hence 6=0 or 1. By (2.18), 12. W,DI= 1. If d is 
cngruent to 1 mod 8 and d has no prime divisor which is congruent to 3 
mod 4, then iJ,t c N(K) and X= zH*(F) (cf. (4.3)j; i.e., .Y=O and t=O in 
the notation of Section 2. Thus 12 W,D 1 = 1 and the converse follows. 
THEOREM 4.5. Let F = a(,‘) m , m > 0, and let A he its discriminant. Let 
v be the number of distinct prime divisors qf A. Then we have, 
(i) WD%Z2@(h/2Z)V-‘, ifA is nor congruent to 1 mod 8. 
(ii) WD rZ’@ (Z/277)‘, if A is congruent to 1 mod 8 and A has no 
prime divisor congruent to 3 mod 4. 
(iii) WD 7 .Z2 @ Z/42 @ (Z/22)’ 2, if A is congruent to 1 mod 8 and 
A has a prime divisor congruent to 3 mod 4. 
Proof. In view of (3.1), it is enough to compute W,D. We have c = 0 
and I = v - 1 by (4.2). If A is not congruent to 1 mod 8 then d= 1 by (4.1). 
Thus ) W,D\ =2’-’ and 12. W,DJ=l by (2.17), so that W,D% 
(z/28)‘-‘, in view of (2.2). This proves (i). Next let A be congruent to 1 
mod 8. Then we have d= 2 so that ( W, D ( = 2’+ ’ = 2’. By (2.2) and (4.4), it 
follows that W, D li (ZjZZ)‘, if A has no prime divisor congruent to 
3 mod 4, and W,D %2(42)@1 (Z/22)’ m-2, if A has a prime divisor 
congruent to 3 mod 4. This proves (ii) and (iii). 
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PROPOSITION 4.6. Let F= O(A), m > 0. Then W,D 4 W,F splits iJ 
only tj‘ one sf‘ the following two conditions ho& 
(i) A is not congruent to I mod 8. 
(ii) A is congruent to 1 mod 8 und A bus u prime divisor p, brahich is 
congruent to 3 mod 4. 
Proof: Suppose (i) holds. Then d= 1, so that 6 =0 or I. Hence 
12. W,Fn W,Dl= 1 = 12. W,D]. If (ii) holds, then I2W,Fn W,DI =2 
and )2.W,Dl=2by(4.4),sothat )2.W,FnW,D\=/2.W,DJ.Hencein 
either case, W, D 4 W,F splits. 
Conversely, let W, D 4 W,F split. If A is congruent to 1 mod 8, 
12. W,Fn W,DI=2 and hence by (2.10), 12. W,DI=2. This implies, in 
view of (4.4), that A has a prime divisor p E 3 mod 4, i.e., (ii) holds. 
PROPOSITION 4.7. Let F= Q(J) m , m>O, andlet (T: WF-+ urE2 WR be 
the total signature homomorphism. Then the jbllowing ,four conditions are 
equivalent: 
(1) a( WD)=a( WF). 
(2) There exists I. in F’ such that NFIQ(A) is negative and (i) = a’for 
some fractional ideal a of F. 
(3) The,form (1, 1, -m) is isotropic over Q. 
(4) The discriminant A of F has no prime divisor p, u,hich is congruent 
to 3 mod 4. 
Proof: The equivalence of (1) and (2) is established in (3.4). 
(2)* (3). Let in F’, (I.)= al, for a fractional ideal a of F, and let 
N,,,(A) be negative. Then (N,:.,(A))= (a”) for some a in Q, so that 
N,,,(A) = -a’. This implies that the equation X2 -my* = - I has a 
rational solution; i.e., (1, 1, -m) is isotropic over Q. 
(3)a (2). (1, 1, -nz) is isotropic over Q implies that 
X2 -my’ = - 1 has a rational solution, so that there exists 1 in F with 
N,,(i) = - 1. Let (A) = ~7’ p? where p I, . . . . pk are distinct prime ideals 
of F and e, f0 for any i= 1, . . . . k. Since, b(n)= - 1, we have 
~~~l...pk~i=o(p,)~l...(~(p~)~~. Thus for every i, pP”=o(p,)” for some,j. 
Since ej # 0, we have j # i for any such pair (i, j). Hence k is even and we 
have 
(i) = p;‘a(p,) C’.. . pZa(p,) -fn 
=(p;‘a(p,)“).-‘(p~a(p,)“)(~(p,)-~””’.a(p,)~ Zen) 
=(@)a*, 
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where c( E Q* and a is a fractional ideal of F. Thus we have, if p := aA, that 
N,.!M(p) is negative and (p) = a’ for some fractional ideal a of F, which 
implies (2 ). 
(3)o (4). Since A and m are in the same class in F’/F’2, (1, 1, -m) 
is isotropic over Q if and only if ( 1, 1, -A) is isotropic. However a 
square-free positive integer a is a sum of two squares in Q if and only if 
no prime p which is congruent to 3 mod 4, divides a. This proves our 
assertion. 
THEOREM 4.8. Let F= Q(A), m > 0. Then the exact sequence 
0 -+ WD -+ WF splits if and on1.v if the follo\zing two conditions hold: 
(1) A is not congruent to 1 mod 8. 
(2) A has no prime divisor p, tzhich is congruent to 3 mod 4. 
Prooj Follows from (3.3), (4.6), and (4.7). 
We now give some simple consequences of our results in the real 
quadratic case. 
LEMMA 4.9. Let F= Q(A) th $1 ere p is a prime. Then 1 H( F)I is odd, 
ttthere H(F) is the ideal class group of F. 
ProoJ We recall that H*(F) is the ideal class group of Fin the narrow 
sense and that H(F) is the ideal class group in the usual sense. Thus we 
have a natural homomorphismf: H*(F) + H(F) which is surjective, so that 
H*( F)/kerf‘r H(F). Clearly, kerfc ,H*(F). If p = 2 or p is congruent to 1 
mod 4, then A =pU (a = 3 or l), and by (4.2) ,H*(F) is trivial, which shows 
that / H*(F)] = / H(F)1 is odd. If p is congruent to 3 mod 4, the proof of 
(4.7) above shows that the norm of any unit is positive. We claim that in 
this case ker -f‘ is nontrivial. By the approximation theorem on absolute 
values there exists 1 E F’, such that L a(A) is negative. If ker f = (0), then 
(A) = (p) for some p E F+, so that A = u p for some u E U,. This implies 
that N(U) is negative, which is not possible. Hence ker f is nontrivial. By 
(4.2), I 2H*(F)I = 2 and hence ker f = ,H*(F). Suppose x E H(F) is of order 
2. Then .u=f(C), with ?i~ H*(F), a’~ kerf, a2 # 1 (since otherwise 
a E ?H*( F) = ker,f, which would imply that .f(ti) = .Y = 1). This implies that 
a’= (A), with N(A) ~0, contradicting (4.7). Hence I H(F)1 is odd. 
PROPOSITION 4.10. Let F= Q(G), wvhere p > 0 is a prime. Then the 
.sequence 
O-+WD+WF-+ u WF,+O (***) 
OfP 
is e.uact. It is split e.uact (f and only if p = 2 or p is congruent to 5 mod 8. 
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Proqf: For any number field F, we have an exact sequence 
Q+WD+WF-+ u W&, + H( F)/H( F)’ -+ 0. 
OZP 
By (4.9) H(F)/H( F)’ is triviul for F= Q( 45). Hence (***) is exact. The 
splitting condition follows from (4.8 ). 
Remark 4.11. As a consequence of (4.8) we have infinitely many real 
quadratic fields F for which 0 + WD + WF splits and infinitely many 
quadratic fields for which the sequence does not split. If p is a prime 
congruent to 1 mod 8 and F= Q( &), the sequence (***) is exact but not 
split exact. In particular for F= Q( fi), Q(a), and Q(J’%). (***) is 
exact but not split exact. It is interesting to note that these fields are known 
to be Euclidean (cf. [9, p. 115, 3.11, p. 1321). 
We shall now proceed to consider the imaginary quadratic fields. 
THEOREM 4.12. Let F= O(r). m m -C 0, and let A be its discriminant. Let 
v be the number of distinct prime divisors of A. Then we have, 
(1) WDr(Z/2Z)‘ifA= -4. 
(2) WD r (Z/42) @ (Z/22)’ ’ if A # - 4 and A is not congruent to 1 
mod 8. 
(3) WDr(Z/8.Z)@(Z/2.Z)‘~‘, ifA is congruent to 1 mod 8. 
Proof (1) If A=-4, then F=Q(fi) and we have c=l, 
I=v- 1 =O, d= 1. Hence by (3.5) we have WD3(2/22)‘. (2) Let A# -4 
and let A be not congruent to 1 mod 8. Then - 1 is not a square in F and 
there is only one dyadic prime of F. Hence ( 1, 1, 1, 1) is hyperbolic over F 
so that S(F) = 2. Thus in this case we have, s + t = 0, c = 1, d = 1, and 
l=v- 1. By (3.5)(ii), we have WD%Z/4Z@(L/2L)‘~’ which proves (2). 
(3) Let A be congruent to 1 mod 8. Then d=2, and (1, 1, 1. 1) is 
anisotropic over both the dyadic completions (both are isomorphic to QJ, 
so that s”(F) = 4. Hence (3.5)(iii) yields WD%Z/812@ (Z/22)’ ’ (since 
c= 1, l=v- 1, d=2 in this case). 
Finally we prove, 
THEOREM 4.13. Let F=Q(&). m < 0. Then, 0 -+ WD + WF afwa~~s 
splits. 
Proof In view of (3.6), it is enough to prove that every element of ID, 
which is 2-divisible in IF, is 2-divisible in ID. We have two cases to 
consider. 
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TABLE 4.14 
Real Quadratic Fields 
Nature of 3 Structure of WD Splitting of WD 4 WF? 
‘1 f 1 mod 8 and A has no 
prime divisor = 3 mod 4 
A & 1 mod 8 and .4 has a 
prime divisor E 3 mod 4 
J = I mod 8 and d has no 
prime divisor E 3 mod 4 
J~lmod8anddhasa 





Now. F= a(&,, m > 0, d = discriminant of F. Y = number of distinct prime divisors of 
A. D = ring of integers of F, WD = Witt group of D, and WF= Witt group of F. 
Case (i): A is not congruent to 1 mod 8. In this case d= 1 and 
2 .ZFn WD is trivial. Hence the 2-divisibility condition is trivially satisfied 
for ID 4 IF. and the assertion follows. 
Case (ii): A is congruent to 1 mod 8. In this case d = 2 and 2 . IFn WD 
is of order 2. Since ( 1, 1, 1, 1 ) is anisotropic, and belongs to 2. ID, we 
have 12 ID / = 2, which proves that ID 4 IF splits. Hence 0 -+ WD -+ WF 
splits. 
We summarise the main results of this section in Table 4.14 and 4.15. 
5. CUBIC FIELDS 
Let F= Q(fi), where m is a cube-free integer. In this section we 
calculate the index of N(K) n U> in lJ,t (cf. Sections 1, 2 for notation) for 
TABLE 4.15 
Imaginary Quadratic Fields 





Note. F= Q(,f) m , nt < 0, A = discriminant of F, Y = number of distinct prime divisors of 
A, WF= Witt group of F, WD = Witt group of D. where D = ring of integers of F. 
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some cubic fields O(x) m and compute the Witt group of D. We also 
discuss the question of the splitting of WD 4 WF for these fields. 
Remurk 5.1. Any cubic field F= Q(s) has one real completion and 
one pair of complex completions, i.e., r = I and c = 1. The signature 
homomorphism (r: WD + I+% is surjective in this case and hence 
a( WD) = [T( WF). Thus WD 4 WF splits if and only if W,D cs W,F splits 
(cf. (3.3)). 
LEMMA 5.2. Let F = Q( <r) m und ler d he $e number of dyadic primes oj 
F. Then d = 1 ij m is even und d= 2 f m is odd. 
Proqfl Consider the cubic polynomial X’ - m over Qe,. Let m = 2n. We 
claim that X3 - 2n is irreducible over Q2. For, suppose theere exists a E Q, 
such that a3 - 2n = 0. Then 2 divides a3 in Zz so that 23 divides a3 in L,; 
i.e., 23 divides m which is a contradiction due to the fact that m is cube free. 
Hence x” -m is irreducible over Q, if tn is even, so that d= 1. On the 
other hand if tn is odd, X3 -m = (X- 1 )(X” + X+ 1) over the residue class 
field L/2Z. By Hensel’s lemma X’ - m factors over Q2. Further, X2 + X + 1 
being irreducible over Z/2& X3 - m splits into two irreducible factors over 
Qz, i.e., d= 2, if m is odd. This proves the lemma. 
COROLLARY 5.3. If 6 denotes the number of dyadic primes p for which 
- 1 is not a square in F,, then we have (i) 6 = 2 if tn is odd, and (ii) 6 = 1 if 
m is even. 
Proof: If m is odd, d = 2 by (5.2) above. Let F, , Fz be the dyadic com- 
pletions of F. Then the proof of the above lemma shows that F, G Qz and 
Fz is a quadratic extension of Qe2, with residue class degree 2. Thus 2 is a 
parameter in both the fields F, and F2. Thus 6 = 2, if m is odd. If m is even, 
d= 1 and F, is a cubic extension of Q, and hence - 1 is not a square in F, , 
i.e., 6 = 1. This proves the corollary. 
PROPOSITION 5.4. Let F= Cl(&). Then M‘e huve, 
(a) 0 -+ WD -+ WF is split exact if’tn is even. 
(b) If ttl is odd, 0 + WD + WF is split exact iJ‘ and only if 
12 . W, D 1 = 2 (i.e., .s + t = 1 with the notation of Section 2). 
Prooj Follows immediately from (5.1), (5.3), (2.15), and (2.18). 
We shall now compute the order of 2. W, D in a number of examples, 
when m is odd. We recall that 12. W,D 1 = 2”+’ where 2‘ = 
1 U:/N(K)n U: I and 2’= I,H*(F)/,WI (cf. (2.1)). If /H*(F)1 (which is 
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equal to 1 H(F)1 in this case) is odd, then t = 0. We compute the integer s 
for some fields Q(s). 
Our computation is based on the table of positive fundamental units of 
F= Q(6) as given in [3, p. 21. If u is the positive fundamental unit, then 
UT c N(K) if and only if u is a sum of two squares in F. Since u is a sum of 
two squares in all the archimedean completions and all the nondyadic, 
nonarchimedean completions, it follows that U; c N(K) if and only if u is 
a sum of two squares in the dyadic completions F, and F,. In view of 
Hensel’s lemma (cf. [4, p. 64]), this is equivalent to u being a sum of two 
squares in Z/&Z. 
EXAMPLE 5.5. Let F= Q( (3). We write u = $. The positive 
fundamental unit is given by U= a2 - 2 (cf. [3, p. 21). We have 
~=a’-2~-1mod8 (sinceais a unit mod& a’=lmod8). In view of 
the above discussions, this implies that U:/N(K) n UT r Z/ZZ. Also 
H*(F) is trivial in this case (cf. [ 1, p. 4271). Thus we have c = 1, I= 0, 
d= 2, s = 1, and t = 0, with the notation of (2.1). Hence W, D 7 Zj4Z and 
WD 7 Z @ Z/42. We also have a split exact sequence 
O+ WD+ WF+ u W&+0, 
Y#O 
since H(F) is trivial. 
Table 5.6. is based on computations similar to those above. For the 
positive fundamental units cf. [3] and for class numbers cf. [ 1, p. 4271. 
TABLE 5.6. 
Cubic Fields 

















Norc~. F= Q(u). a E F’. a’ = m. u = positive fundamental unit of F, h = class number of F. 
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